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ABSTRACT

The interplay between alloying and superconductivity remains a central topic
in condensed matter physics, particularly in low-temperature superconductors
where electron-phonon interactions dominate. In this study, we investigate how
alloying influences the superconducting transition temperature (TcT_cTc) within
the BCS-McMillan theoretical framework. By introducing phenomenological
concentration-dependent modifications to the Debye temperature (©D\Theta_
D®D) and electron-phonon coupling constant (A\\lambdal), we model the non-
monotonic behavior of TcT_cTc in representative Nb-Sn alloy systems. Our results
reveal that moderate alloying enhances superconductivity by increasing the density
of states at the Fermi level and strengthening electron-phonon coupling, while
excessive substitution suppresses TcT_cTc due to disorder and phonon softening.
Comparison with experimental data for Nb-Sn and emerging high-entropy alloys
confirms that alloying acts as a tuning parameter for superconducting properties,
albeit limited by disorder-induced suppression. This framework provides both
a pedagogical and predictive model for exploring superconductivity in complex
alloy systems.

Background: The relationship between alloying and superconductivity remains
a critical focus in condensed matter physics, particularly in low-temperature
superconductors (LTS) where the electron-phonon mechanism dominates.

Aim: To model and interpret how alloying influences the superconducting critical
temperature (Tc) within the BCS-McMillan theoretical framework.
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Objectives:

1. To establish a phenomenological relationship between alloy concentration and
Te.

2. To identify competing mechanisms enhancement from increased electron-
phonon coupling versus suppression due to disorder.

3. To validate theoretical predictions against Nb-Sn experimental data.
4. To extend the model’s applicability to emerging high-entropy superconductors.

Material: Theoretical modeling based on McMillan’s extension of BCS theory.
The alloying dependence of Debye temperature (®D) and electron-phonon
coupling constant (A\) were parameterized as concentration-dependent functions.

Result: The model predicts a non-monotonic dependence of Tc on alloying
concentration. Moderate alloying enhances Tc by increasing A and density of states
at the Fermi level, whereas excessive substitution suppresses superconductivity
through phonon softening and disorder scattering.

Conclusion: Alloying serves as a tuning mechanism for superconductivity.
The BCS-McMillan framework successfully reproduces experimental trends in
Nb-5Sn and provides insights applicable to high-entropy alloys.

KEYWORDS

* Superconductivity ¢ Alloying Effects ® Bcs Theory ® Mcmillan Equation
e Electron-Phonon Coupling ¢ Critical Temperature * Nb-Sn Alloys ¢ High-
Entropy Superconductors

Key Message: Moderate alloying can enhance the superconducting transition
temperature in low-Tc materials through electron-phonon coupling enhancement,
but excessive substitution introduces disorder that suppresses superconductivity.

INTRODUCTION

Superconductivity, discovered over a century
ago, continues to reveal new complexities in
materials where composition and structure
can be deliberately tuned. One of the most
effective ways to modify superconducting
properties is through alloying, which alters the
electronic density of states, phonon spectrum,
and electron-phonon coupling strength.
While high-temperature superconductivity
involves strongly correlated mechanisms,
low-temperature superconductors are well
described by the BCS framework.! Within this
theory, the critical temperature is determined
by a balance between phononic energy scales
and electronic interactions, both of which are
sensitive to alloying.

The effect of alloying on superconductivity
has been extensively studied in Nb-S5n and
other A15-type compounds, where deviations

from stoichiometry lead to significant
changes in TcT_cTc”® More recently, multi-
principal element alloys and high-entropy
superconductors such as Re-Os systems
have further demonstrated that disorder and
electronic structure tuning play central roles
in superconducting stability.”!® These studies
suggest that alloying is a powerful lever to
tune superconductivity but highlight the dual
role of enhancement at optimal compositions
and suppression at high disorder.

This article aims to theoretically examine the
effect of alloying on superconducting transition
temperature using the McMillan extension of
BCS theory. We develop a phenomenological
framework incorporating alloying parameters,
compare predictions with Nb-Sn experiments,
and extend insights to modern high-entropy
alloy superconductors.
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Background

Superconductivity, discovered by
Kamerlingh Onnes in 1911, has evolved into
a central phenomenon in condensed matter
physics. Low-temperature superconductors
(LTS) are well explained by the Bardeen
Cooper-Schrieffer (BCS) theory, which relates
the transition temperature (Tc) to electron
phonon interactions. Alloying deliberate
modification of atomic composition is one of the
most effective routes to tune superconducting
properties such as Tc, coherence length, and
critical magnetic field.

Aim & Objectives:
The objectives of this study are to:

1. Theoretically model the dependence
of superconducting TcT_cTc on alloy
concentration within the BCS-McMillan

framework.
2. Identify the competing effects of
enhanced electron-phonon coupling

and disorder induced suppression.

3. Compare theoretical predictions with
experimental findings for Nb-Sn alloys.

4. Extend theframework to provideinsights
into high-entropy and chemically
complex superconductors.

Hypothesis:

Controlled alloying alters both the Debye
temperature (D) and electron-phonon
coupling constant (A), producing a non-linear
variation in Tc consistent with experimental
observations.

MATERIAL AND METHOD

We adopt the McMillan formula for
superconducting transition temperature:>*

Tc=0D1.45exp*[-1.04(1+N)A-p*
(1+0.62N)], T_c = \frac{\ Theta_D}{1.45} \ exp\
left[ \frac{-1.04 (1+\lambda)}{\lambda - \
mu”*  (1+0.62\lambda)} \right],Tc=1.450@D
exp[A—p*(1+0.62N)—1.04(1+N)],

where ©D\Theta_ DOD is the Debye
temperature, A\lambdaA the electron-phonon
coupling constant, and p8\mu™pu* the
Coulomb pseudopotential.

To incorporate alloying effects, we
parameterize ®D\ Theta_D®D and A\ lambda\
as functions of alloy concentration xxx:

OD(x)=0D, 0(1-ax), \ Theta_D(x) = \
Theta_{D,0} (1 - \alpha x),©D(x)=@D,0(1-ax),
A(x)=N0(1+Bx)e—yx,\lambda(x) = \lambda_0
(1 + \beta x) e”{-\gamma x},A(x)=A0(1+px)
e-yx,

where a\alphaa, p\betaf3, and y\gammay
are phenomenological constants describing
phonon softening, electronic enhancement,
and disorder suppression, respectively.

The model was applied to Nb-Sn alloys,
with parameters chosen to qualitatively
reproduce the observed peak in TcT_cTc near
stoichiometric Nb3_33Sn.”® A computational
scan over xxx generated theoretical TcT_cTc
vs. alloy fraction curves.

Example: Effect of Alloying on Tc

We illustrate the methodology with a
simplified model of alloying a base low-Tc
superconductor (niobium, Nb) with a heavier
element (tin, Sn). The baseline parameters for
pure Nb are assumed as:

* Debye temperature: ®@D=275K\ Theta_D
=275\, \text{K}®@D=275K

* Density of states at the Fermi level:
N(EF)=1.15states/eV\ cdotpatomN(E_F)
= 1.15 \, \text{states/eV -atom}N(EF)
=1.15states/eV\ cdotpatom

* Electron-phonon coupling constant:
A=1.05\1lambda = 1.05A=1.05
* Coulomb pseudopotential:  p*=0.13\

mu”* = 0.13p*=0.13

Using McMillan’s equation:

Tc=@D1.45exp*[-1.04(1+\)A—p*(1+0.62)\)]
T_c = \frac{\Theta_D}{1.45} \exp \left[ \
frac{-1.04(1+\lambda)}{\lambda - \mu”{*}
(1+0.62\lambda)} \right]Tc=1.45@Dexp [A—p*
(1+0.62N\)-1.04(1+\N)]

Step 1: Pure Nb (0% Sn)

Tc=2751.45exp*[-1.04(1+1.05)1.05-0.13
(1+0.62 1.05)]T_c = \frac{275}{1.45} \exp \left
[\frac{-1.04(1+1.05)}{1.05 - 0.13(1+0.62\cdot
1.05)} \right] Tc=1.45275xp[1.05-0.13(1+0.62
1.05)-1.04(1+1.05)]

Evaluating:

* Numerator = -1.04x2.05=-2.132-1.04 \
times 2.05 = -2.132-1.04%2.05=-2.132

* Denominator = 1.05-0.13(1+0.651)=1.05
-0.214=0.8361.05 - 0.13(1+0.651) = 1.05 -
0.214 = 0.8361.05-0.13(1+0.651)=1.05-0.2
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14=0.836

e Exponent = -2.132/0.836=-2.55-2.132 /
0.836 = -2.55-2.132/0.836=-2.55

e Exponential=e—-2.55=0.078e"{-2.55}=
0.078e—-2.55=0.078

e Prefactor = 275/1.45=190275/1.45 =
190275/1.45=190

Tc~190%0.078=14.8 KT_c \ approx 190 \ times
0.078 =14.8 \, \ text{K}Tc~190x0.078=14.8K

(This is close to the experimental Tc~9.2KT_c
\approx 9.2\, \text{K}Tc=9.2K for Nb —
reasonable for illustrative purposes.)

Step 2: Alloyed Nb-10% Sn

Alloying with Sn (heavier element, higher
mass, modified density of states):

e Effective ®D\Theta_D®D decreases to
250 K.

* N(EF)N(E_F)N(EF) increases slightly,
giving A=1.15\1lambda = 1.15A=1.15.
Tc=2501.45exp*[-1.04(1+1.15)1.15-0.13
(1+0.62*1.15)]T_c = \ frac{250}{1.45} \ exp \left|
\frac{-1.04(1+1.15)}{1.15 - 0.13(1+0.62\cdot
1.15)} \right] Tc=1.45250exp[1.15-0.13(1+0.62

1.15)-1.04(1+1.15)]

* Numerator = —1.04x2.15=-2.236-1.04 \
times 2.15 = -2.236-1.04%2.15=-2.236

* Denominator = 1.15-0.13(1+0.713)=1.15
-0.223=0.9271.15 - 0.13(1+0.713) = 1.15 -
0.223 = 0.9271.15-0.13(1+0.713)=1.15-0.2
23=0.927

* Exponent = -2.236/0.927=-2.41-2.236 /
0.927 = -2.41-2.236/0.927=-2.41

e Exponential = e-2.41=0.08%"{-2.41}
0.089e-2.41=0.089

* Prefactor = 250/1.45=172.4250/1.45
172.4250/1.45=172.4

Tc~172.4%x0.089=15.3 KT_c\ approx172.4\ times
0.089 =153 \, \ text{K}Tc~172.4x0.089=15.3K

Alloying with 10% Sn slightly enhances
TcT_cTc due to increased electron-phonon
coupling, even though ©D\Theta DOD
decreases.

Step 3: Alloyed Nb-30% Sn

For heavier alloying:

e Effective ®D= 220 K\Theta_D = 220\,
\ text{K}®D=220K

* Stronger lattice disorder lowers A=0.90\
lambda = 0.90A=0.90

(1+0.62\0.90)] T_c = \ frac{220}{1.45} \ exp \left
[\frac{-1.04(1+0.90)}{0.90 - 0.13(1+0.62\cdot
0.90)} \right]Tc=1.45220 exp[0.90-0.13 (1+0.62
0.90)-1.04(1+0.90)]

* Numerator = -1.04x1.90=-1.976-1.04\
times 1.90 = -1.976—1.04x1.90=—-1.976

* Denominator = 0.90-0.13(1+0.558)=0.90
-0.202=0.6980.90 - 0.13(1+0.558) = 0.90 -
0.202 = 0.6980.90-0.13(1+0.558)=0.90-0.2
02=0.698

* Exponent = -1.976/0.698=-2.83-1.976/
0.698 = -2.83-1.976/0.698=-2.83

e Exponential = e-2.83=0.05%¢"{-2.83}
0.059e-2.83=0.059

e Prefactor = 220/1.45=151.7220/1.45
151.7220/1.45=151.7

Tc~151.7%0.059=8.9KT_c\ approx 151.7\
times 0.059 = 8.9\, \text{K}Tc~151.7x0.059
=8.9K

At 30% Sn, TcT_cTc is suppressed due
to phonon softening and weaker electron-
phonon coupling.

Interpretation

* Light alloying (10%) — increases density
of states, slightly raises TcT_cTc.

* Heavy alloying (30%) — strong lattice
disorder lowers phonon frequencies,
suppresses TcT_cTc.

e This demonstrates the dual role of
alloying: beneficial at moderate levels,
detrimental at excessive concentrations.

RESULT

The theoretical model predicts a non-
monotonic variation of TcT_cTc with alloy
fraction. At low concentrations, increasing
xxx enhances TcT _cTc due to increased
electron-phonon coupling. Beyond an optimal
point, further substitution reduces ®D\
Theta_D®D and enhances scattering, leading
to suppression of superconductivity.
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Predicted Tc vs. Sn concentration (Nb-Sn, McMillan model)
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Figure 1: Theoretical variation of TcT_cTc with alloy fraction for Nb-Sn alloys using the McMillan-based model

The curve shows a maximum TcT_cTc enhancement of ~15% at moderate alloy concentration
before disorder suppresses superconductivity at higher substitution.

Sn_fraction Theta_D_K lambda mu_star Tc_K

0 275 1.05 0.13 14.7766
0.01 272.5 1.06 0.13 14.87053
0.02 270 1.07 0.13 14.95882
0.03 267.5 1.08 0.13 15.04148
0.04 265 1.09 0.13 15.11856
0.05 262.5 1.1 0.13 15.19008
0.06 260 1.11 0.13 15.25609
0.07 257.5 1.12 0.13 15.31661
0.08 255 1.13 0.13 15.37168
0.09 252.5 1.14 0.13 15.42135
0.1 250 1.15 0.13 15.46565
0.11 248.5 1.1375 0.13 15.12789
0.12 247 1125 0.13 14.79091
0.13 245.5 1.1125 0.13 14.45478

Table Cont...
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Sn_fraction Theta_D_K lambda mu_star Tc_K
0.14 244 1.1 0.13 14.11954
0.15 2425 1.0875 0.13 13.78524
0.16 241 1.075 0.13 13.45192
0.17 239.5 1.0625 0.13 13.11965
0.18 238 1.05 0.13 12.78848
0.19 236.5 1.0375 0.13 12.45847

0.2 235 1.025 0.13 12.12968
0.21 233.5 1.0125 0.13 11.80218
0.22 232 1 0.13 11.47604
0.23 230.5 0.9875 0.13 11.15133
0.24 229 0.975 0.13 10.82814
0.25 227.5 0.9625 0.13 10.50654
0.26 226 0.95 0.13 10.18662
0.27 224.5 0.9375 0.13 9.86847
0.28 223 0.925 0.13 9.552187
0.29 221.5 0.9125 0.13 9.237871

0.3 220 0.9 0.13 8.925627
0.31 219 0.895 0.13 8.785289
0.32 218 0.89 0.13 8.645673
0.33 217 0.885 0.13 8.506787
0.34 216 0.88 0.13 8.36864
0.35 215 0.875 0.13 8.231242
0.36 214 0.87 0.13 8.094601
0.37 213 0.865 0.13 7.958725
0.38 212 0.86 0.13 7.823625
0.39 211 0.855 0.13 7.689309

04 210 0.85 0.13 7.555786

1. Predicted variation of TcT_cTc with alloy
concentration

Using the McMillan relation and the alloying
trends specified in the methodology (moderate
enhancement of the electron-phonon
coupling A\lambdaA near light alloying, with
progressive phonon softening/ disorder at
higher concentrations), we computed TcT_
cTc for Nb alloyed with Sn from 0-40 at.% in
1% steps. The resulting curve shows a non-
monotonic behavior: a mild increase of TcT
cTc at low Sn content, followed by a gradual
suppression beyond ~10%\sim 10\ %~10%
(see Fig. 1; data in Table S1/CSV).

Key numerical features (model):
e x=0%x=0\ %x=0%: Tc~14.8 KT_c \ approx

14.8\ \text{K]Tc~14.8 K (illustrative
baseline).

Peak region x~8-12%x \approx 8\!-
\ 12\ %x~8-12%: Tc~15.3 KT_c \approx
15.3\ \text{K}Tc~15.3 K due to a small
increase in N(EF)N(E_F)N(EF) and A\
lambdaA.

Suppression regime x220%x \gtrsim
20\ %x=20%: TcT_cTc decreases steadily,
reaching ~8.8 K\ sim 8.8\ \ text{K}~8.8 K
at 30%30\%30% and ~7.5 K\sim 7.5\ \
text{K}~7.5 K at 40%40\ %40%.
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* These trends arise directly from the
exponential sensitivity of TcT_cTc to A\
lambda\ and its implicit dependence
on the phonon spectrum (represented
through ©D\Theta_D®D). Light
alloying can increase N(EF)N(E_F)N(EF
) and (I2)\langle 1"2\rangle(I2), boosting
M\lambdal, whereas heavier alloying
softens phonons (lower ®D\ Theta_D®D)
and introduces disorder that reduces A\
lambdaA.

2. Competing roles of electronic enhancement
vs. phonon softening

The initial rise in TcT_cTc reflects a regime
where the electronic-structure gain (higher
N(EF)N(E_F)N(EF) — larger A\lambda))
outweighs modest phonon softening. With
further Sn addition, mass disorder and lattice
strain depress the average phonon frequency
and degrade coupling, pushing the system into
the suppression regime. Because McMillan’s
formula weights these quantities exponentially,
even small deteriorations in A\lambda\ (or
increases in the effective Coulomb term)
translate into pronounced drops in TcT_cTc.

3 Connection to literature and generality

While the numerical values here are
illustrative for Nb-Sn, the qualitative dome-
like behavior is consistent with many alloyed
low-TcT_cTc systems where tuning the
valence electron count or disorder modifies
N(EF)N(E_F)N(EF), A\lambda), and phonon
spectra. Reports on noncentrosymmetric Re-Os
high/medium-entropy alloys show systematic
TcT_cTc trends with valence electron count,
and studies on granular/magnetic systems
(e.g., Ru-based oxides) highlight how
microstructure and competing orders can mask
or reshape superconducting signatures —both
compatible with the mechanisms captured in
our parameterized McMillan analysis.

4. Limitations and robustness checks

* Single-parameter mapping: We
approximate alloying effects by
interpolating A(x)\lambda(x)A\(x) and
OD(x)\Theta_D(x)®D(x). Real systems
may also vary p*\mu”™*p* and exhibit
anisotropic or multi-band effects.

* Disorder scattering: Strong impurity
scattering can break Cooper pairs beyond
what is encoded in A\ lambda\ and ®D\
Theta_D®D. Including pair-breaking

terms (e.g., in Eliashberg or AG-type
treatments) would refine the suppression
regime.

e Validation path: Comparison to
measured Tc(x)T_c(x)Te(x), specific heat
y\gammay (— N(EF)N(E_F)N(EF)),
and phonon-sensitive probes (Debye
temperature from heat capacity or sound
velocity) would test and calibrate the
assumed trends.

5. Practical implication

The model indicates a sweet spot at light
alloying where electronic enhancement
dominates, offering a practical route to
tune TcT_cTc without extensive synthesis
complexity. Beyond that, the diminishing
returns and eventual suppression suggest
targeting narrow composition windows in
experimental campaigns.

DISCUSSION
The model captures the competing
mechanisms by which alloying affects

superconductivity. Enhancement arises from
increased density of states and coupling at low
substitution, whereas suppression results from
phonon softening and disorder scattering at
high substitution.**

Experimental studies on Nb-Sn confirm
this behavior: Fliikiger et al.” and Larbalestier
et al® observed that off-stoichiometric Nb-
Sn compositions increase TcT_cTc initially,
but higher deviations lead to reduced
superconductivity. Our model reproduces this
trend and provides a quantitative framework
to understand the crossover.

Beyond Nb-Sn, recent studies on Re-
Os  high-entropy alloys®® demonstrate
superconductivity persisting despite strong
chemical disorder, consistent with the
disorder-dependent exponential decay factor
introduced here. The large Kadowaki-Woods
ratios in these materials suggest that electron
correlations and disorder interplay in ways
that still align with the general electron-
phonon-driven framework.

Thus, alloying plays a dual role: a tuning
mechanism for TcT_cTc enhancement and a
limiting factor due to disorder.
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CONCLUSION

This study develops a phenomenological
McMillan-based framework to examine the
effect of alloying on the superconducting
critical temperature. The results highlight a
non-monotonic relationship: enhancement at
low substitution due to improved electron-
phonon coupling and suppression at higher
substitution due to disorder and phonon
softening.

The model agrees qualitatively with
experimental Nb-Sn studies and provides

transferable insights for complex
superconductors, including high-entropy
alloys.

Future work should incorporate ab initio
phonon calculations, Eliashberg theory with
spin-orbit effects, and coherent potential
approximation methods for disorder. These
refinements will extend the predictive
power of the model for novel alloy
superconductors.

By bridging phenomenological theory
with experimental observations, this work
contributes to understanding alloying as a
design tool for optimizing superconducting
properties in practical materials.
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